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SUMMARY

It is shown that for a certain class of wings with subsonic, curved leading edges, in linearized supersonic flow, the
perturbation potential can be expanded in terms of functions which are solutions of homogeneous flow problems.
If the boundary conditions on the wing are of polynomial form, the homogeneous flow problems are elementary.
Some calculations are carried out for flat wings with gothic and ogee planforms under incidence.

1. Introduction

In linearized supersonic flow theory analytic solutions are known for the pressure distribution
on wings with straight subsonic leading edges. Solutions of very general and clegant form are
given by conical and so-called quasi-conical flow theory. P. Germain [ 1] has defined homogene-
ous flows of order n as flows for which the perturbation potential ¢(x, y, z) is a homogeneous
function of order n in the variables x, y and z. Conical flow then, is a flow homogeneous of
order one and quasi-conical flow is a flow of higher order of homogeneity or a superposition of
such flows for several n. If the leading edges of the wings considered are curved as in the case of
gothic and ogee planforms, the flow can in general not be represented as a superposition of
homogeneous flows. One possible solution of this problem was given by Adams and Sears [ 5]
in an extension of slender body theory to a not-so-slender body theory by introducing expan-
sions in terms of a slenderness parameter (8S;)*. The first term corresponds with the slender
body theory solution. The first and second terms are the not-so-slender body theory solution.
The success of the not-so-slender body theory will depend on the value of the slenderness
parameter. The calculations carried out by Squire [ 6] confirm this and indicate further that the
range of applicability of the not-so-slender theory depends moreover on the magnitude of the
higher streamwise derivatives of the spanwise load, in such a way that this range decreases with
increasing magnitude of these derivatives. For moderate.values of the slenderness parameter,
improvement can be expected by including higher order terms. It is less evident however, that
the restrictions with respect to the magnitude of the higher streamwise derivatives should be
similarly relieved in the same process. For ogee planforms with a value for ($S;)* exceeding
(0.3)% and for pitching delta wings with a value of (8S;)? exceeding, say (0.4)* the not-so-slender
theory is inaccurate. At least one more term is required to obtain better results.

Many planforms which are of interest from a practical point of view differ only slightly from
delta planforms for which (8S;)* will not be small at cruising conditions. It would seem natural
therefore to connect the flow around these wings with the flows around delta wings rather than
with slender body approximations.

E. Carafoli has given an expression for the disturbance potential in the plane of the wing for
a flat wing, with slightly curved leading edges, under incidence and satisfying moreover certain
necessary limiting conditions. The parameter occurring in the conical solution is replaced by
a function depending only on the streamwise variable x and chosen in such a way that the
solution is correct for straight leading edges and also for slender wings with curved leading
edges. The functions obtained in this way do not satisfy the differential equation. By doing so
one may hope to anticipate certain trends but cannot expect to predict correctly the magnitude
of the variations which occur when the wing is not slender.
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In the present paper another method for the same problem is suggested. A class of trans-
formations is introduced which transform leading edges of the form |y|=Ax+ Bx*+Cx> ...
into |y'|=A4x".

Under certain conditions we can satisfy the transformed differential equation and the trans-
formed boundary conditions in terms of homogeneous functions which are solutions of
problems in homogeneous flow theory. The order of homogeneity included can be associated
with the order of approximation desired. A comparison is made between a first approximation
for a flat gothic wing and the corresponding results obtained by Squire [6] and the expression
given by Carafoli [7, 8].

2. Formulation of the Problem

In linearized supersonic potential flow the perturbation velocity potential must satisfy

ﬁzgoxx—goyy_gozz:() (21)

with f?=M?—1, M being the Mach number of the oncoming flow in the x-direction.

Figure 2.1

Equation (2.1) can be normalized by taking
X
Xy :E; Yi=Ys: z1=2.
Dropping the subscripts we have for the perturbation potential

Pxx— Py = Qg = 0. (22)

We take ¢ =0 at the Mach cone through the origin. As usual the boundary conditions at the
surface of the wing will be applied at the projection of the wing on the plane z=0. The wings
considered will be symmetric with respect to the x-axis and the subsonic leading edges will be
described by

[yl = Ax+Bx2+Cx*+ ... . (2.3)

It can be shown that in linearized airfoil theory the flow around a wing can be decomposed into
two parts which can be treated independently. The first can be connected with a source dis-
tribution in the plane of the wing and is often referred to as the thickness case ; the perturbation
potential will be an even function in z. The second part can be connected with a doublet
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A class of quasi-conical supersonic wings 157

distribution in the plane of the wing and it is often called the lifting case; the perturbation
potential is an uneven function in z.
In both cases we can distinguish two types of problems, the direct and inverse problems.
(i) The direct problem consists of finding ¢, at z=0, which is proportional to the pressure
perturbation at the wing-surface, for given ¢, at z=0, the latter being proportional to the
local slope of the wing surface in the x-direction.
(ii) The inverse or indirect problem consists of finding ¢, at z=0 and thereby a wing-surface
that will sustain a prescribed pressure disturbance at z=0.
In the direct thickness case and in the indirect lifting case the problem can be reduced to the
evaluation of a double integral. The solution of a direct lifting problem and an inverse thickness
problem will, in general, require the solution of an integral equation.

3. The Transformations

We introduce the variables x’, y" and z’' by

n

I P v -7
X'=x+ Y a,,xPyz.
ptgtr=2

n

y=y+ Z bpqrxpyqzr .

ptg+r=2
n
Z=z4+ Y CpuXP)7.
ptg+tr=2
p+q+r=23, ... ; p, q and r are non-negative integers.

In order to retain, in some degree, the geometry of the flow-field in the xyz-space, when
transforming to the x'y’'z’-space, we require that x’ is invariant when y and z change sign and
that y" and z' change sign with y and z respectively without changing their values when z and y,
respectively, change sign.

For the transformations this implies:

(i) In x’ no odd power of y and z occur.

(ii) In y only terms with odd powers of y occur, but no odd powers of z.

(iii) In z' only terms with odd powers of z occur, but no odd powers of y.

In the region of interest x and x’ will remain positive; in x’, y" and z' odd and even powers of
X may occur.

Now we can write, with terms up to the third degree included:

X'=X+0500X> + 8020 + 0022 + A300X> + 120Xy + a5 9o x27....
V' =y+bi10Xy+by10X*y+bosey’ +bosayzi+ ...
7' =2Z+40C101 X2+ Cp01 X*Z+Coz1 Y 2+ Coo32° + . . (3.1)

The Jacobian of this transformation is one at the origin and is positive in a neighbourhood
of the origin. In this region we find for the inverse transformation, also up to the third degree
terms:
X=X —0500%X 2 —a020Y* — 9022 + (24500 — A300) x> +
+1{28020(3200+b110) =120} X'V + {28002 (@200 +C101) — 102} X'2%...
Y=y =b110X'y + (b 10+ 200b110—b210) X ¥ + (0200110 —bo30) V> +
+(@002b110—bo12)y' 2%+ ...

S o 2 12t 2
I=2Z —Co1Xz +(C101+azooc1o1*czo1)x 4 +(a0200101—c021)y I+

+{(a002C101 —Co03) 2>+ ... . (3.2)
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An interesting property of these transformations is the possibility to transform leading edges
of polynomial form |y|=Ax+Bx*+Cx*+... into |y|=Ax'+B'x*+C'x*+... in which
B, C’, ... can be made successively equal to zero by making a suitable choice of the parameters
in the transformations:

The coefficients of the second degree terms must satisfy

B+Aby o= Aaygo+A%ag;0 (3.3)

in order to make B'=0.
The coefficients of the third degree terms must satisfy

C+Bbyjo+Aby1o+A°bo3o =247 Bagsg+Aasge+ A ayyg (3.4)

in order to make C'=0.

We can straighten the leading edge to order p by adapting the coefficients of terms up to
degree p in the transformations. In a region not too far from the origin we now write for the
leading edges:

] =4x". (3.5)

In this paper terms up to the third degree in the transformations will be included. This will
make it possible to straighten a leading edge, represented by a third degree polynomial
|y|=Ax+ Bx*+ Cx> up to the third order. Thus the complicated wing planform is transformed
into a simpler, conical, planform up to the third order. The transformed differential equation
for the perturbation potential, however, becomes very complicated :

Prxd1 + (py’y’QZ + Pzrzds + 2(px'y’g4 + 2(px’z'g5 + 2(py’z’gﬁ + DG + (py'QB + P99 = 0. (36)
The functions g are given in the appendix.
Equation (3.6) is linear in ¢ and admits solutions of the form
@ =1 +al3ox + 0§50 X +afloy? +ad,z7+...) 0, (3.7)

and hence linear combinations of such solutions for different n, with ¢, denoting a function
homogeneous of order » in x’, y" and z'.

If we substitute (3.7) in (3.6) and arrange the terms according to increasing orders of homo-
geneity it is found that the following equations must be satisfied:
for terms homogeneous of order (n—2):

Puxs = Pryry — Pz =0 (3.3)
for terms homogeneous of order (n—1):
Purxr (40200 +0§00) X' = Puyryy (2B 10+ 030) X' — @iz (2¢101 +aB0) X'+
+ 20y (b110—28020) Y +20nez (€101 —2d002) 2 +
+ @nx (24200 — 20020 — 2800, +20{}0) = 0 (39)
for terms homogeneous of order (n):
Ouxx My + Oy o+ Orora My + 20,0 hy + 20,00 hs + 20, he +
+ Qperhr + Quyhig+ @phg+ @by =0. (3.10)

The functions 4 are given in the appendix.

If the equation (3.8) for terms of order (n— 2) is satisfied, the equation (3.9) for terms of order
(n— 1) can be satisfied by making a suitable choice of the parameters occurring in the coefficients
of the derivatives. ¢, is homogeneous of order n so we have:

ne, = xl(pnx’+y/(pny‘+zl(pnz’ (311)
and by differentiation with respect to x':
(n - 1) Py = x' Px'x’ +y, DPux'y +z' (L (312)
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A class of quasi-conical supersonic wings 159
For n#1 we can write
1 7 7 s
Dy = (7_—1) (x (pnx'x'+y (pnx’y’+z (pnx’z’)
so that the equation for terms homogeneous of order (n—1) becomes:

2a,00—20050—2ag0,+ 20‘(1"())0} <

(n—1)

— Py (261 10+ 0T80) X' = Pz (2¢1 01 +0{80) X'+

Prx'x’ { 4a,00+ a(lnt))o +

(n)
A300 — 020002 T %100 |,
+2(pnx’y’{b110_‘2a020 + +

(n—1)
4200 — @920 = G002+ %00 | ,
+ 200, { C101— 28002 + (n=1) =0

If we now satisfy the equations

(n)
—Qg20— 002+ %100

a
4a,00+ oo +2 200 (1) = 2b;;0+ i, (3.13)
2b110+a(1'%0 = 20101'*‘05(1"())0 (3.14)
— - +a(")
b110—2a020 + a200 aO?;)l_Cll;)OZ 100 = 0 (315)
- — ()
= G160

it follows that the equation (3.9) for terms homogeneous of order (1 — 1) is satisfied by ¢, when
@, is a homogeneous solution of order n to equation (3.8).
The equations (3.13), (3.14), (3.15) and (3.16) are equivalent to

Ag20 = Q002 (3.17)
4200+ @020 =Db110 (3.13)
biio=¢101 (3.19)
ofbo =(n+1)ag20—nazo - (3.20)

For n=1 equation (3.12) becomes

xl Pixx +y,(p1x’y'+ z' Py = 0.
It is easily verified that we satisfy equation (3.9) for terms of zero order of homogeneity if
we satisfy (3.17), (3.18) and (3.19) while (3.20) becomes

a$'do = 2a920 =200

so that equations (3.17), (3.18), (3.19) and (3.20) must be satisfied for all n=1,2,3, ... . Itis
important to note that these equations can be satisfied with the parameters of the transforma-
tions independents of n. Summarizing it is seen that the six coefficients a,4¢, @920, @002> D110
101 and o), must satisfy five independent equations (3.3), (3.17), (3.18), (3.19) and (3.20).
From (3.3) and (3.18) we obtain
B
Aoz = AT A

For terms homogeneous of order n we have:

(3.21)
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160 R. Coene

(n - l)x,(pnx’ = x,2 DOnx'x’ + x’y, (pnx’y + x'zZ Pnx'z’
(n - l)yl (pny’ = x/y,(pnx’y’ + y,2 (pny’y' + y,Zl (pny’z’ (3'22)
(n - I)Z, Oy = xrzr(pnx'z’ + ylzl(pny’z’ + Z,Z(pnz'z’
Using relations (3.11) and (3.22) successively the equation (3.10) for terms homogeneous of
order (n) is reduced to an equation in which only the six second derivatives of ¢, occur for
n#1.
For n=1, ¢, can be eliminated by (3.11) for n=1 and the cross-derivatives by:
2x/y,(p1x'y’ = Z’Z Pz — x,2¢1x’x' - y12 DP1yy
2x'z' Pixy = yll (ply’y' - ZIZ Dz — xlz(plx'x' (323)
2y’Z/ (ply’z' = xlz(plx’x' - y’2 (ply'y’ - Z,Z DPizz -
If ¢, is a solution of equation (3.8) the equation (3.10) for terms homogeneous of order n is

also satisfied by ¢, provided six equations independent of n are satisfied, for the nine coefficients
of the third degree terms in the transformations:

— 42 7
a102—bo12 =520+ 2008020

)
a120—bo3o = 520+ 200020

2
by10—a300 = 520+ a200%020

(3.24)
by10=c201
boszo = Co21
boi2 = Co03 J

and three equations for the three coefficients o), 28}, and of},, which for n=1 simplify to:

1) _ 2,2 2
%580 = 3a820— 483004020+ 24300 ~ 300
1) _ 2
205 = 205008020~ 520~ 2bo30 (3.25)
1) 2
20‘%)0)2 = 20,00@020— 3020~ 2C003

From equation (3.4) and the second, third and fifth equations of (3.24) it follows that 4, B and
C must satisfy
, 24B*
C = ViR (3.26)

By restricting ourselves to solutions of the form (3.7) we restrict ourselves to leading edges of
polynomial form for which the first three coefficients satisfy (3.26). For subsonic leading edges
we have 0< A< 1 so that C will not bé positive while B can be positive, negative and zero.
B=0 gives C=0. Negative B gives gothic planforms if we include second degree terms in the
leading edge equation and in the transformations and also if we include third degree terms.
For positive B we find concave planforms if we include second degree terms and concave and
ogee planforms if we include third degree terms. It must be assumed that we are not too far
from the origin so that higher degree terms can indeed be neglected with respect to those
retained.

The degree of the terms included can also be connected with a desired order of approximation.
If we take B small of order ¢, the coefficients of second degree terms in the transformations are
small of order ¢. C and the coefficients of third degree terms in the transformations will be small
of order (¢)*. From the transformed differential equation (3.6) it is noticed that in the coefficients
of the second derivatives terms of degree one are of order ¢ and terms of degree two are of order
(¢)*. In the coefficients of first derivatives, terms of degree zero are of order ¢ and terms of degree
one are of order (g).
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A class of quasi-conical supersonic wings 161

Arranging the terms in the transformed equation according to orders of ¢ leads to equations
for the coefficients in the transformations which are the same as those obtained when we
substitute solutions of the form (3.7) and arrange according to orders of homogeneity.

4. The Boundary Conditions

It is easily verified that equations (3.18), (3.19) and (3.24) imply that the characteristic cone
x? =y? + z% transforms into x'2 = y'? + 2’2 up to the order considered so that ¢ =0 at x* = y> 4 22
becomes ¢ =0 at x>=y?+ 22,

Outside the projection of the wing at z=0 we have ¢, =0 in the lifting case because ¢, is
continuous and uneven in z ; in the thickness-case we have ¢, =0 at z=0 outside the projection
of the wing,

In a direct problem ¢, is given at the projection of the wing on z=0.
0x dy 0z
oz' o oz’ + o oz (4.1)

For z=0 we have z'=0, dx/dz'=0 and dy/dz'=0 so:

Oy = Py

- 2 2 2
Prer=0)= Paz=0y i1 —C101% +(cT01+ 200101 — €201)X> +(@020C101 = Co21) Y * + ... }

4.2)
In an inverse problem we know ¢, at z=0
0x dy 0z
Py = q)xé; + (py Ox' + (ng . (43)

At z=0 we have z'=0 and 9z/0x'=0 so we can write:

Dxrz =0y = (px(z=0){1 —2a,00x"+ 3(2‘1%00“1300)36’2 + [2a420(@200+ b1 10)“‘%20])’/2 +...}

+ @y coyt — D110V +2(bT 10+ a200b110—b210] X'V} - (44) .
In a lifting case ¢, is zero at z=0 outside the projection of the wing so we can write:
o(z=0) = S @, dx (4.5)
leading edge

and we can calculate

a X
(py(2=0) B ay Sleading edge (dex ‘ (46)
In the inverse thickness case ¢ and ¢, do not follow directly from ¢, _q). From (4.2) one
sees that if ¢, _ o, can be decomposed into terms with different orders of homogeneity this will
also be the case for ¢,/ _ o). A term homogeneous of order p in @, _¢, in the variables x and y
will give terms homogeneous of orders p, p+1, p+2, ... for @,.,._ ¢, in the variables x’ and y'.
From (4.4) one sees that if ¢, _o, can be decomposed into terms with different orders of
homogeneity this will also be the case for ¢, _o provided @, _o can also be decomposed
in this way (or if we take b;;,=0 and b;;,=0).

5. Applications

We shall now carry out some calculations, first retaining only the first and second degree terms
in the transformations, for a flat wing under incidence with leading edges |y|= Ax+ Bx”.
The boundary conditions on the wing become:

Pr=0) = Pzz= 0)(1 —C101 x’) .
We write ¢, = —Uya= —w, so that
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q)z'(z’=0): —‘W0+W0C101Xl - (51)

The first part is homogeneous of order zero, the second part is homogeneous of order one.
Up to the order considered we can write for the solution:

e=0¢,(1+03x )+ @, . (5.2)

In this expression ¢, and ¢, are homogeneous of degree one and two respectively and both are
solutions of equation (3.8). From equation (3.20) we have for n=1:

1
0‘(130 = 24030200 - (5-3)

From equation (5.2) follows

Q= (plz'(l + “(11303‘,)"‘ @y - (54)
From (3.18), (3.19), (5.1), (5.3) and (5.4) we then find:

Prze=0= —W, (5.6)
and

P2z(z=0) = 320 Wo X - (5.7)

The problem for ¢, is equivalent to the problem of the flow around a flat delta wing under
incidence. Its solution is well known:

WC' ’ ’
<P1(zr=+o>=F\/A2x2—y2 . (5-8)

with E’ representing the complete elliptic integral of the second kind with modulus /1— A2
The problem for ¢, is equivalent to the problem of the flow around a delta wing due to

a pitching motion or the problem of a flow around a wing with a parabolic warp in the x’

direction. ¢, can be calculated by the method indicated by Fenain [3].

The solution is:

. +3 Wo(l'"AZ)aozo
P2e=v0 = U240+ £2K

x JA X2 —y'? (5.9)

in which K’ is the complete elliptic integral of the first kind with modulus /1 —A42
For the solution on the wing we can now write

’ wO ’ 3 I—AZ woa ’ ’ ’
oz = +0) = [E (14 (2020 — a200)%'} — E,((I_ZAZ)+;;I"<,X] T (5.10)
For convenience the parameter a,qo, which is still free, is now so chosen that (4%2x"?—y'?)
transforms into (4x + Bx?)* — y* up to the order considered. By equating terms up to the third
degree we find '

B
a200 = Z . (5.11)

The perturbation potential on the wing now becomes:

1 2EAP—4E A+ (3— A2 AK’
4B .12
Er P RS nEQ —2A2)+A2K’}] (512)

p(z=+0)= w,./(Ax+Bx?)?—y* [

We have lim E'=1 and lim AK’=0 so that for small 4 and not too large Bx we can write,
A-0 A—0

up to the order considered:

@ = Woy/(Ax+Bx2)?—y2. (5.13)
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This is the well known slender body solution for a flat wing with leading edges | y| = Ax + Bx2.
This solution is accurate for small A and small Bx. In solution (5.12) the restriction with respect
to A is removed. Carafoli’s corresponding solution for the case in which no restriction is
imposed on A4 except 0< A< 1 is

o(z=+0) = g JAx+ B~ y7 . (5.14)

WithE’:j JV1={1—(4+Bx)*}sin*pdo .

In the elliptic integral occurring in the conical solution the constant A has been, rather

arbitrarily, replaced by the variable (4 + Bx). The expression ./(4x+ Bx?)?>—y? is such that
this part is the correct solution in the slender body case and in the conical case, i.c. B=0. The
elliptic integral is the correct coefficient for a straight leading edge and near the origin for
_a curved leading edge, when Bx < A.
For small Bx we can write

1 B 1 g A K'(J/1-A%)—E( 1—,42)'=
E(/1-(4+Bx))) E(/1-4) A1 (E'(J/1=42))2
1

= — 4 Bxp.
E(/1-4?

The factor p has been plotted against A and is compared to the corresponding factor as cal-
culated from (5.12). The factors are the same for A=0and A=1 but for A=0.1 they differ by
a factor 2.5.

@ Carafoli
~ 0,21 ® Present approximation
0 T T T T L 1
0 01 02 03 04 07 A 1,0
Figure 5.1

The solution (5.12) is easily generalized to other Mach numbers. With f=./M?—1 we find:
2E B3 A3 —4E AP+ (3— A2 ) APK’ ]
(4> —1)E'{E'(1-24%B*)+ A*B*K’}
(5.15)

¢(z=+0)= W, /(Ax+Bx?)*—y [1, + Bfx

in which E’ and K’ now have modulus ./1— 4282,

Journal of Engineering Math., Vol. 4 (1970) 155-167



164 R. Coene

The coefficient
2E'BPA®—AE' AB+(3—A?B*)ABK’
(AB*—1)E{E(1-2A42 %)+ A*B*K’}
is found from fig. 5.1 by taking Af for A. The pressure perturbation follows from p'= — pUg..

Squire [6] has plotted the chordwise variation of the spanwise load on several wings for
different Mach-numbers as calculated by the not-so-slender body theory.

To compare the results of the not-so-slender body theory, of Carafoli’s approximation and
of the present first approximation it seems useful to plot the chordwise variation of load for a
gothic wing with leading edges y=Srg(x). For f=1 we have S;=04, g(x)=x(2—x) (fig. 5 of
reference [6]). In our notation we have

|yl =0.8x—0.4x2 .
For f—0 the three solutions tend to the slender body approximation. We have plotted
L{x)
2no
Ax+ Bx2
with L(x) = j — . (x, y+0)dy .
—(ax+Bx?) Uy
———bm
e \A\
0,25 / Phd o
“ -0—— g N
L () . ///A \\\\o AN
N
2|a g20- / - i - S N
g - \&\ N N\
e ~ ~ \
/ 7 o N N\
. ~ N \
0157 : N NN
/ ; N N\ N\
~N N \
4 - AN
7 A Squire \ \\ \
G- /2 AN a
01 V/ B  Carafali N \\
%
./A (o] Present theory, first approximation \\ o
0,051 4 AN
4 N
0 T T L T 1 T T T
0 0,1 0,2 0,3 0.4 0,5 0.6 0.7 X 1,0

Figure 5.2. Chordwise lift-distribution for a flat wing with leading edges |y| =0.8x ~0.4x> at f=1.

At the origin Carafoli’s solution and the present solution both coincide with the conical
solution for a wing with leading edges | y| = 0.8x. The not-so-slender theory underestimates the
lift near the origin with 14 9, which explains the difference in slope of the lift distribution curves
near the origin.

Comparison with fig. 12 of reference [6] indicates that the present approximation gives an
accurate prediction of the experimental total lift. Carafoli’s solution underestimates the lift,
as compared to the experimental value, by some 15 %,. The not-so-slender theory overestimates
the lift by 8%,

It should be remarked that Carafoli’s solution and the present approximation cannot be
expected to be very accurate beyond say x =0.3 because the leading edge will differ too much
from the tangent through the origin. The general trends of the three solutions, however, are
very similar over the whole wing.
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One can obtain a second order solution by including third degree terms in the transformations
and in the equation of the leading edges. We will illustrate this in the following calculation.
Let us consider a flat wing under incidence with leading edges

|y| = Ax+ Bx*+Cx>

Straightening the leading edges up to the third order gives equations (3.3) and (3.4).
The solution is written (up to the order considered):

@ = @1(1+a 30X +asdox* +abdoy +uGd22%) + @5 (1 +ai30X) + 03 (5.16)

in which ¢4, ¢, and ¢; are solutions to equation (3.8) and are homogeneous functions of
orders one, two and three respectively, in the variables x’, y" and z". The coefficients in the
transformations must satisfy equations (3.17), (3.18), (3.19) and (3.24). The coefficients a''3,
and o), follow from (3.20) for n=1 and n=2 respectively. a,, 5}, and afd, follow from
(3.25). 4, B and C must satisfy equation (3.26).

The boundary conditions at the projection of the wing (z'=0) for ¢, ¢, and @5 become:

P =—W,
- 7
@2z = 3ag20 WoX
— 2 /2 13,2 72
Q3= — W,(6a520X* +3a520)"?) .

We require that 42 x'? — y'2 transforms into (4x + Bx? + Cx?)* — y? up to the order considered ;
this gives:

B B
Go20= 73 _ 4>  %200= -
2B? 3B?
4300= —2 7> a1zo=m-
The solutions ¢, and ¢, are the same as in the previous example. The solution for ¢; at

z'=0 can be calculated by the method indicated by Fenain [3].
The solution can be written:

P30y = Wo(CroX 2+ Cory?)/A* X2 —y"? , (5.17)
with
c —B? (—24+3842—104%)E' +(24—364%) A*K’
207 242(A%—1)? (4—194%+44AYE? +842(1+ AYE'K' —54*K" 518)
5.18
c —B%  (—96+2444%-204*— 1245 E'+ (24— 1842+ 64%) A*K’'
02 =

24%(A2-1)* A?{(4—194%+44%)E*+84%(1+ A*)EK'—54*K"?}

In the original coordinate system, on the upperside of the wing, we find for the disturbance
potential ;

B
q) = W(;\/(Ax+Bx2+Cx3)2—y2 {C00+C10x+ (Czo + Z C10> x2 +

<C°2+ABAC1°> 2} (5.19)

I ¢« _p 2E A3 —4E' A+(3— A% AK’
E 1T (AP )E{E(1-24%)+ A%K"}
and C,, and Cy, from (5.18).

By taking the derivative of ¢ from (5.19) with respect to x we find the pressure distribution
on the wing (p'= —pUg,).

Wlth COO =
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6. Concluding Remarks

We have carried out some calculations for flat wings. In the case of warped wings, the flat plate
solutions occur as the incidence-dependent part of the solution. From equation (4.2) it is seen
that if ¢,(z=0) is of polynomial form in x and y, ¢,.(z'=0) will be of polynomial form in x’
and y'. In this case the problem is also reduced to the solution of elementary problems in
homogeneous flow theory, which are formally equivalent to the problems we have to solve
for a flat wing. A term of degree (n—1) will lead to elementary problems of orders n, n+1,
n+2, ... . If ¢,(z=0) includes terms of the form x®*~ Y f(y/x), @, (z'=0) will include terms of
the form x'®~1*#)g (y'/x’), with p=0, 1,2, ... and such boundary conditions lead to non-
elementary homogeneous flow problems of order (n + p). From the expressions for the distur-
bance potential it is easy to calculate the pressure distribution on a class of flat wings. From
the strength of the singularity at the leading edge we find at once the variation of the suction
force along the leading edge.

Some further calculations seem to indicate that the present results remain probably accurate
at a larger distance from the origin in case B is negative (gothic planforms) than in case B is
positive. We intend to come back to this point in a future communication.
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Appendix
The Functions g and A
The functions g in formula (3.6) are, up to the order considered:
ax'\2 [ox'\t [ox'\? , ,
gl = <g) - <5j}“) - <E‘) == 1+40200x +6a300x 2+

2 \ L2 2 /2
+ (2a,20—4a520—442008020) V"> + (28102 — 44502~ 482008002)2 . ..

a N 2 a ™ 2 a I\ 2
g, = <—y> ‘—( y) - <—)i) = ~—1—2b110x’+(2a200b110——bf10—2b210)x’2+

0x dy 0z
+ (2a920b110+b310—6b030)¥* + (2a002b110—2bg12) 2 ...
0z\?* [(0zZ\* [0z'\? )
gz = (5;) - @) - (5;) = —1-2¢,0; X'+ (28200 €101 —2¢201 —C101) X +

+ (2a0200101_20021))’,2“‘(2“0020101+C%01"60003)52---

_ ox’' % ox’ ) oy’ ox' . oy
4= 5% ox dy 0y 0z 0z
+ (2az00b110+2b210—2a150—bi 1o)Xy ...

= (b110—2a020)y +

B S
95 = 5% ox dy dy 6z oz MO 002)%

2 r_t
+ (2a200C101+2¢201 =210, —CF01) X' Z...

oy 0z Oy 0z 0Oy o7 .
96 = ax ox By 5)—) T2 (b110C101—2C021 —2bo12) Y7 ...
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9*x’  0*x  @*x )
g7 = axZ 5}/2 - 322 = 2(a200—a020——a002)+(6a300—2a120—2a102)x..,

o?z %7 #*7
go= Lt O Ty 20— 6C00s) 7

The functions & in formula (3.10) are:

hy = (6a300 + 2390 +4a200090) x> + (241 20— 45 20— 42008020+ &30) ' +
+(20;10,~4ad0, —4a20000; +05h2) 2% .
hy=(2a200b110—b¥10—2b210—2b 1100580 — a$h0) X" +
+(2a020b110+bT10=6bo30—aGh0) V> + (240025110 —2bo12— 4B2) 22 .
hs = (24500101~ CTo1 2201 —2C10100ho — a590) x>+
+(2a020¢101 2021~ #530)y"? + (28002101 + CFo1 — 42— 6¢o03) 2% .
ha=(2a300b110+2b310—2a120—bi10+b1100500 —2aozoa(1"())0)x' Y.
hs=(2a300¢101+2C201—2a19— 101 + 0101“(1"())0_2a002°‘(1"())0)x,z, .
he=1{b110C101—2C021—2b012)¥' 7" .
hy = (6a300—20120— 28102+ 102500050+ 404580 — 2050050 —2a00225h0) X -
hg = (2b210_6b030_2b012—4°‘8%0+2b1 1005(1"())0“4002005(1"())0),"/ .
hg=(2¢201—2C021—6C003 —40§h2 +2¢101 0550 —4a00,00) 7' -

hyo= (20580 — 2a8} o~ 200 2 + 20500080 — 280200530 — 2a00200) -
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